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In this paper we investigate the effect of superposition of states on local conversion of pure 
bipartite states under deterministic LOCC. We are able to form a bridge between comparable and 
incomparable classes of states through the linear superposition of states. For example, if we consider 
two pairs of incomparable states, then their superposition may result into a comparable pair of states. 
We investigate many such cases and provide some of the results in tabular form. We also investigate 
the entanglement behavior of such classes of states, specifically their monotone nature. Finally we 
provide some bounds of different measures of entanglement based on the idea of comparability and 
incomparability under deterministic LOCC. 
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' Quantum entanglement is one of the most puzzling, useful yet experimentally verified feature of quantum states. 

This was first noticed by Einstein, Podolsky and Rosen (EPR) [1] and then Schddinger\l] coined the name 'Entangle- 

■ menfioT this phenomena. Later, Bell ['] observed that entangled state could be used to show the violation of a type 

\ of inequality which every local physical theory should obey. Quantum entanglement is also useful for performing many 

CIh- informational and computational tasks like Teleportation, Dense Coding etc., [4-6] which are otherwise impossible, 

^jj ' Now, to understand behavior of quantum entanglement better, we need to probe different aspects of entanglement 

Ch . properly[7, 8]. Physicists have tried to observe the underline physics of quantum entanglement[9, 10] and suggested 
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many algorithms and concepts to prove some new results. 

In the paper [11], Linden et. al. have raised the following problem: Suppose a bipartite quantum state \T) and 
a certain decomposition of it as a superposition of two other states is given. In \T) — a\^) -\- I3\4>) what is the 
relation between the entanglement of \T) and those of the two constituent states in the superposition! They also 
considered the following two examples to illustrate the above problem. One is [7) = "^jOO) + and the 

, other is [7') = '^I'P^) + "Tfl*^"^ where [</)='=) = -^jOO) ± are two common Bell states. The first one i.e., 

' I7) is a maximally entangled state but each constituent state is fully separable[12, 13]. That is, superposition of 
fully separable states can form a maximally entangled state and the second example shows exactly the opposite to 
that of the first, where [7') is separable but each constituent state is maximally entangled. Therefore, through the 
. superposition of states one can find new physical insights regarding entanglement behaviour of differently correlated 
^5 ' states. One can also ask what is the effect of superposed states of different kinds under LOCC, in particular, under 
deterministic LOCC. Is there any typical feature of superposed states under LOCC? In this work we want to study 
the effect of superposition on states that are deterministically convertible to another state under LOCC and also 
the states which are not convertible. Quite interestingly we find one can generate pair of comparable states[14"lt)] 
through the superposition of incomparable states depending upon some specific conditions. The behavior of 
entanglement also changes with specific conditions under such superpositions of different kind of comparable or 
I incomparable states. We have explicitly calculated in 3 x 3 system five different kinds of superpositions of comparable 
or incomparable states and used concurrence as the measure of entanglement to compare their entanglement behavior. 

In [11], Linden et. al. employed von- Neumann entropy of the reduced system as the entanglement measure(£') 
and for this measure they found some upper bounds of the entanglement of the superposed state in terms of the 
states being superposed. Yu et. a/. [20] have studied the concurrence of superposition and presented both upper 
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bound and lower bound on the concurrence of superposition. Ou et. al.[21] gave an upper bound on the negativity of 
superposition. Niset and Cerf [19] showed the lower and upper bounds in a simpler form. D.Cavalvanti et. al. [22], 
Song et. al. and Yu et. al.[\>^] have investigated the entanglement of superpositions for multipartite quantum 
states by employing different entanglement measures. Gour [24] reconsidered the question in [] I] and presented 
tighter upper and lower bounds. Here we will show some new bounds on some of the other entanglement measures 
like, Negativity (A^), Logarithmic Negativity (LA^), Reyni-Entropy(S'5). 

This paper is organized as follows: in section II, we will discuss about some useful notions regarding superposition 
of states and entanglement. In section III, we will discuss the concept of incomparability. Section IV and V are 
devoted to discuss the main results and some nice illustrations on the bounds of different measures of entanglement. 
The paper is ended with a brief conclusion of our results. 

II. SUPERPOSITION OF STATES AND CONCURRENCE 

Quantum mechanics is inherently a linear theory and superposition is deeply related to this linear structure of 
quantum systems. Entanglement is a manifestation of quantum superposition whenever one deals with the composite 
systems. Superposition of two pure product state may give rise to an entangled state and quite contrary to it one can 
get pure product states from the superposition of entangled states only. It is clear that if someone tries to explain 
superposition of states as a physical process then it should not be local, as entanglement may be created or increased 
in this process. Now, for pure bipartite states, apart from the entropy of entanglement there is an useful quantifier of 
entanglement which is called generalized concurrence (C). For a separable state it is zero. For a two-qubit state pab 
it is calculated by C(pab) ~ max{Ai — A2 — A3 — A4, 0} where A^'s, i = 1, 2, 3, 4 are the square root of the eigenvalues 
of pp in decreasing order where p = Uy® <^yP*AB'^y ® '^y * denotes conjugate operation. For higher order systems 
generalized concurrence is defined by, 

C{pab) = ^2(1 - TrpA^) (1) 

where pA is the reduced density matrix of obtained by tracing out the subsystem B. For a pure bipartite state 
\£,)ab of di X d2 system with Schmidt form \£,)ab = Yl™™^'^^ '"^^^ \/Tk\i) A\i) b , where {pi ; i = 1,2,- ■ ■} are non- 
negative Schmidt coefficients and {[1)5} being the orthonormal bases for subsystems A and B respectively, 
the generalized concurrence C{\^)ab) turns out to be, 

min{fii ,d2} 

varies smoothly from for pure product states to 2^^ for maximally entangled pure bipartite states of Schmidt rank 
d. 



III. NOTION OF INCOMPARABILITY 

Now, before going to present our results, we first mention the condition for a pair of pure bipartite states to be 
incomparable with each other. The notion of incomparability of a pair of bipartite pure states is a consequence of 
Nielsen's [5, 17] famous majorization criterion. To illustrate it, we consider the deterministic local conversion of the 
pure bipartite state |x) to [77) shared between two parties, say, Alice and Bob. We write the pair in their 

Schmidt bases jis)} with decreasing order of Schmidt coefficients: \x) = Ei=i -v/Til*^*^)' 1'^) — J2i=i V^il'^A'iB) ■ 

The Schmidt vectors corresponding to the states |x) and [77) are A^ = (71, 72, • • • , 7c;) and A,, = {61,62, ■ ■ ■ , 6d). From 
Nielsen's criterion, \x) — > \ri) is possible with certainty under LOCC if and only if A;^ is majorized by A,;, (denoted by 
Ax -< A,,), i.e., 

Eti7. <Eti^. V k=l,2,---,d (3) 

The above result has a direct consequence in the entanglement behavior of the states involved. If |x) — )- \ri) is 
possible under deterministic LOCC, then E{\x)) > £■(!??)) [where E{-) is the entropy of entanglement]. Now in case 
of failure of the above criterion, we denote it by |x) 7^ \ri). But it may happen that [77) — > |x) is possible under 
deterministic LOCC. If both \x) 7^ (t;) and [77) 7^ \x) do not hold, we denote it by \x) \ri) and call (|x),|?7)) 
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as a pair of incomparable states. The existence of incomparable pair of states starts from 3x3 systems. For our 
purpose, we require explicitly the criterion of incomparability for a pair of pure bipartite states Ix)?!*?) of 3 x 3 
system. Suppose the Schmidt vectors corresponding to the two states arc (71,72,73) and {61, 82, S3) respectively, 
where 71 > 72 > 73 > , 61 > S2 > S3 > , 71 + 72 + 73 = 1 = ^1 + ^2 + '53- Then |x), \r]) are incomparable 
whenever [2()] either of the following relations hold. 

(i) 71 > Si and 73 > S3 

(a) Si > 71 and S3 > j3 ^ ' 

IV. MAIN RESULTS 

Consider the states shared between two parties say, A and B, 

\r)AB=a\^)AB+mAB (5) 

where + = 1 and a, /3 are non-negative real number and also consider the state 



\r')AB^a'\y^')AB+l3'W)AB (6) 

where a'^ + (5'"^ ~ 1 with non-negative real and further assume that {i}]\4)) ab = ; {i}}'\(f)') ab = 0. Explicitly, 

suppose \''P')ab, \4>)ab and \4>') ab rnay be expressed as follows: 

2 

\iI))ab = '^^/al\^i)AB (7) 
2 

\4>)aB = (8) 

2 

W)ab = ^/a^\^^)AB (9) 

2 

\<t>')AB = Y.^An)AB (10) 

We will now discuss the entanglement behavior of the superposed states imposing some restrictions on a,/3, a',/3', 
and also on a^, bi, ai,/3i for all i=0,l,2, case by case. 



CASE:I 

Consider that the states (|V')as, \''P')ab) and (|(/>)as ,\4'')ab) are mutually incomparable to each other under 
deterministic LOCC. We test whether this incomparability of states become the global phenomenon of |r)^B and 
|r')AS or not, i.e., the states Ir)^^ and Ir')^^ are incomparable under LOCC to each other or not. We illustrate all 
the results through the following tabular form: 



Table- 1 



RELATIONSHIP BETWEEN Ir)^^ AND \r')AB AS PROVIDED IN CASE:I 



RESTRICTIONS ON 

a, (3 


SOME OTHER 
CONSIDERATIONS 


NATURE OF THE PAIR 

{\T)ab and \T')ab) 


a = a' and /? = /?' 




INCOMPARABLE 


a > a' and [3 < f3' 


{l3%o>P'^M and (/3262 > /3'2/32) 


INCOMPARABLE 


a < a'and /? > /3' 


(a^ao > a'^ao) and (a^a2 > a'^a2) 


INCOMPARABLE 


a > a' and (3 < f3' 


{f3Ho > P'^Po); {/3^b2 > a'2«2) and {a^a2 > ^'^^2) 


COMPARABLE 


a < a' and (3 > f3' 


(a^flo > Q;'^Q;o);(Q!^a2 > /3'^/32) and {I3'^b2 > a''^a2) 


COMPARABLE 
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i.e., in some cases the pair |r)^B and |r')^B remain incomparable under deterministic LOCC. However, for some 
cases we find the pair as comparable. The corresponding entanglement behavior are as follows; 

Table-IA 



RELATIONSHIP OF ENTANGLEMENT BETWEEN \r)AB AND |r')AB 



RESTRICTIONS 

ON a B 


NATURE OF THE PAIR 

(\r) A a and W) Aa) 


SOME OTHER 
CONSIDERATIONS 


NATURE OF THE PAIR 

{C'^(\T) AT^) and C'^IW) An) 

vl /^-D/ film I AB ) 


a = a' and ^ = l3' 


INCOMPARABLE 




cWv)ab) > cH\r')AB) 


a > a' and (3 < 13' 


INCOMPARABLE 




c^{\r)AB) > cH\r')AB) 


a < a' and (3 > (3' 


INCOMPARABLE 




c'{\r)AB) > c\\r'}AB) 


a > a' and f3 < f3' 


COMPARABLE 




c^i\r)AB) > c^i\r')AB) 


a < a' and f3 > f3' 


COMPARABLE 


13^1 < I3'^I3^ 


c\\r)AB) > cWr')AB) 



i.e., in all the above subcases generalized concurrence of |r)As is greater than that of \T')ab- 



CASEiII 

Next we consider the states {\tp)AB, \iP')ab) as a comparable pair and (|0)as, \4'')ab) as mutually incomparable to 
each other under deterministic LOCC. The behavior of \T)ab and Ir')^^ is illustrated in the following tabular form: 

Table-2 



RELATIONSHIP BETWEEN |r)Ai3 AND |r%s 



RESTRICTIONS ON 

a, j3 


SOME OTHER 
CONSIDERATIONS 


NATURE OF THE PAIR 

{\r)AB and \r')AB) 


a = a' and (3 = j3' 


(0262 > 02/32) 


INCOMPARABLE 


a > a' and /3 < ^' 


(/3250 > /3'2/3o); ia^a2 > ol'^a^) and > ^'^^2) 


INCOMPARABLE 


a < a' and l3 > l3' 


(a^ao > /3'2/3o); > a'^ao) 
and {a^a2 > 13'^ P2); (13^2 > a'^a2) 
OR {a^ao < /3''/3o); (/3'&o < a'^ao) 
and (a^as < /3'^l32); {I3^b2 < a'^a2) 


INCOMPARABLE 


a = a' and 13 ^ (3' 


(0262 < Q!2/32) 


COMPARABLE 


a > a' and /3 < /3' 


{PX > /?'2/?o); (^2^2 < a'^a2) and (/3262 < /J'^/Sz) 


COMPARABLE 


a < a' and /3 > /3' 


(a^ao > /3'2/3o); (/?'6o > a"ao) 
and (a2a2 < ^'^^2); WX < a"a2) 
OR (a^ao < P'^M; {P^bo < a'^ao) 
and ia^a2 > P'^p2)] (PX > a'^a2) 


COMPARABLE 



i.e., incomparability may be preserved in some subcases and one can also break the incomparability by superposing 
the states in some other subcases. 
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Table-2A 



RELATIONSHIP OF ENTANGLEMENT BETWEEN \T)ab AND \r')AB 



RESTRICTIONS 


NATURE OF THE 


SOME OTHER 


NATURE OF THE PAIR 


ON a, 13 


PAIR(|r)^B and \r')AB) 


CONSIDERATIONS 


{CWV)ab) and CWV) ab) 


a ^ a' and (3 ^ f3' 


INCOMPARABLE 


{a'^ + /3'y%y' > i 


CWV)ab) > C'{\r'}AB) 


a> a' and P < (3' 


INCOMPARABLE 


{a'^ai < a'^ai) and 
(a'V^ + /3'^/^)2 > i 


C'i\T)AB) > C'i\T')AB) 


a < a' and /?>/?' 


INCOMPARABLE 


(/326i < /3'2/3i) and 

(a'VST + /3'V^)' > ^ 
OR 

(^25^ > /3'2^^) and 

+ Py/h f > \ 

OR 

< /3'2/3i) and 


C^i\T)AB) > c^{\r)AB) 


a = a' and (3 ~ f3' 


COMPARABLE 


(a'VST + /3'V^)' > \ 
OR 

(a'>r + /?'V&r)2 < i 


C'i\T)AB) > C'i\r)AB) 


a> a' and (3 < (3' 


COMPARABLE 


(a^oi < a'^Qfi) and 
(a'7aT + /3'V^)2 > i 
OR 

(a^oi < a'^ai) and 
+ < \ 


c^{\t)ab) > c^i\r)AB) 


a < a' and (3 > 13' 


COMPARABLE 


iP^bi < /3'2/3i) and 
(a'VST + /3'V^)2 > i 
OR 
> /3'2/3i) and 
(a^ai > a'^ai) 
(a7Hr + /?V^)2 > i 
OR 

{I3^bi < /3'2/3i) and 
(a^ai < a'^ai) 
(a'7aT + /3'y^)2 > i 
OR 

{13^1 < P'^Pi) and 
{ay/E^ + PVh)^ < \ 


CH\T)ab) > C^ir)AB) 



Here, in all the above subcases generalized concurrence of |r)As is also greater than that of |r')AS- 



CASE:III 

Next we consider two states \T)ab and \T")ab, where |r")^B = a'\^')AB + P'\(I))ab with the assumption that 
the states |V'')^b) are mutually incomparable to each other. We provide whether \T)ab and \r")AB are 

incomparable under LOCC to each other or not through the following tabular form: 
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Table-3 



RELATIONSHIP BETWEEN \r)AB AND |r %b AS PROVIDED IN CASE:III 



RESTRICTIONS ON 

a, j3 


SOME OTHER 
CONSIDERATIONS 


NATURE OF THE PAIR 

{\T)ab and \r")AB) 


a = a' and (3 = P' 




INCOMPARABLE 


a < a' and P > 13' 


(a^flo > a'^ao) and (a^a2 > a'^a2) 


INCOMPARABLE 


a> a' and /3 < /?' 


(a^as > /3'262); (/3262 > a'^a^) 


INCOMPARABLE 


a < a' and (3 > 13' 


{a^a2 < P'^p2) and (/J^^s < a'^as) 


COMPARABLE 


a> a' and P < (3' 


(a2a2 < P'^h2); {^^2 < a'^a2) 


COMPARABLE 



Here, we consider the pair Ir)^!^ and |r")^B in such a manner to clarify the motivation of our work. We observe 
that the superposed states are comparable under deterministic LOCC for some cases even when the state \4>)ab 
remains same for both the states |r)^B and \T")ab- Thus linear superposition plays a vital role in interchanging the 
status of superposed states. The corresponding entanglement behavior are as follows; 

Table-3A 



RELATIONSHIP OF ENTANGLEMENT BETWEEN \r)AB AND |r 



RESTRICTION 

ON a, 13 


NATURE OF THE 

PAIR(|r)Ai3 and \T")ab) 


SOME OTHER 
CONSIDERATIONS 


NATURE OF THE PAIR 

{CWT)ab) and C'-{\T")ab) 


a = a' and (3 ~ /3' 


INCOMPARABLE 


{a'^i+p'^if > i 


CWT)ab) > C^{\T")ab) 


a > a' and (3 < /3' 


INCOMPARABLE 


(a^ai < a'^Qfi) and 
{a'y^ + l3'Vh'f > \ 
OR 

(a^fal^ P' ^/h{Y > \ 


C^{\T)ab) > C^{\T")ab) 


a < a' and (3 > f3' 


INCOMPARABLE 


(a' ^fa{ ^ P^/h{Y > \ 


CWT)ab) > CWT")ab) 


a> a' and 13 < (3' 


COMPARABLE 


{a^ai < a'^ai) and 

{a'^ + f3'Vh f > \ 
OR 

(a^oi < a'^ai) and 
+ |3^/blf < i 
OR 

{a^/al + (3' ^/b{f > \ 
OR 

{a'^+PVK? < \ 


CWT)ab) > CWT")ab) 


a <a' and [3 > (3' 


COMPARABLE 


[a' ./al + |3^/h{f > i 
OR 

{ay^ + l3'Vhf < \ 


CWT)ab) > CWT")ab) 



CASEiIV 

Now we consider the states |r)As and \T")ab in such a manner that the states (|V')ab, \4'')ab) are comparable to 
each other under deterministic LOCC. We have found that the superposed states \T)ab and \T")ab are incomparable 
and comparable under deterministic LOCC when a < a',/3 > /?' and a > a',/3 < /?' respectively by imposing some 
other restrictions on the Schmidt coefficients like the previous tables. The superposed states are only comparable in 
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the case a = cJ and (3 = (3' without imposing any restriction on the Schmidt coefficients. All the possible combinations 
of the Schmidt coefficients, the monotonic nature of concurrence is observed like in the previous tables. 

CASE:V 

Lastly, we consider the two states |r)^s and |r')yiB, shared between two parties A and B,are such that the 
states {\iP)ab, \4'')ab) and {\4')ab and ab) are comparable pairs under deterministic LOCC. For all the possible 
combinations of the Schmidt coefficients with some other restrictions on them, the states |r)AB and |r')^5 are 
sometimes incomparable to each other under deterministic LOCC. 



V. OBSERVATIONS ON THE BOUNDS OF SUPERPOSED STATES 

In this section, our aim is to find some new bounds on entanglement for the superposed states |r)^B, and |r')yiB 
by using different entanglement measures like, Negativity (A^), Logarithmic Negativity (LA^), Reyni-Entropy(5'5). We 
derive some tight bounds and also study the behavior of the bounds for the corresponding measure through the 
notion of incomparability under deterministic LOCC. 

According to our assumption, the component states of the states |r)^B and |r')^B are orthogonal, i.e., ab = 0. 
Taking Negativity(A'^) as our entanglement measure, we have found the following forms of upper and lower bounds 
of entanglement for the superposed state \iP)ab in terms of the entanglement of the constituent states (i.e., |'0)a_b 
and |(/>)as) and also in terms of the Schmidt coefficients of the states. We provide all the results in theorem form, 
however their proofs are quite straight forward. 

Theorem 1: a'N{\^)AB) + P''N{\4>)ab) < N{\T)ab) < a^N{\^)AB) + P^N{\(b)AB) + ap. 

Theorem 2: i[9(a + I3f{amv{^.f} - 1] < A^dr)^^) < \[%a + /3)2{max(//)2} - 1] where min(^) and max(/i) 
denote respectively the least and greatest of the numbers {y/al, -vAilf^o- 

The proof of the above two theorems can be done easily by considering the definition of Negativity and using 
some basic results on inequality. Similar types of bounds can also be derived for the other two measures Logarithmic 
Negativity (LA^) and Reyni-entropy(S'5). We present some useful bounds here. 

Theorem 3: LN{\T)ab) > \{LN{\-^)ab) + LN{\cp)ab)} + 2 + log a/?. 

Theorem 4: 21og(3(a + /3)(min(^))) < LN{\T)ab) < 21og(3(a + /?)(max(0)), where min(0 = min{7^, v^jf^o 
and max(^) ~ max{.y/a7, Vfeilf^o- 

Theorem 5: Ss{\r)AB) > '"^'|"^/'^ + Ss^ab) + Ss{\cI>)ab)- 

Theorem 6: (^) ln(min(77)) < Ss{\T)ab) < ( i3j) ln(niax(?7)), where min(?7) = min{aY^ + /3i/6l}Lo and 
max(77) = max{Q!y^ + /3-\/Ei}?=o- 

In[25] Gour et. al. derived bounds on the entanglement of the superposed state as a function of the entanglement 
of the components and von Neumann entropy(i?) of the reduced state of either party is taken as the measure of 
entanglement. From their work, we find the following upper and lower bounds. 

Theorem 7: Ei\T)AB) < (a/sMI^yTT + /?/bM^^)TT)2, with E{\4Ub) = S{trAmAB{m = 
SitrsmABim- 

In this context we have also found some upper bounds in two different forms; one is as a function of entanglement 
and other has a direct relation with the Schmidt coefficients of the states. 

Theorem 8: E{\r)AB) + alog.^ a + 13 \og^ (3 < aE{\^/j)AB) + /3-B(|0>as). 

Theorem 9; E{\r)AB) < 2[log2 3(a + (3)] max(7), where max(7) = maxjy^, v^jf^o- 
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We have already used the pairs \4'')ab) and {\4>)ab, \4'')ab) in five difi^erent kinds of superpositions of 

comparable or incomparable states. From the above theorems wc observe the upper and lower bounds of different 
entanglement measures and based on these observations we can form some counterintuitive situations of bounds which 
will be enough to establish the importance of the idea that comparability and incomparability under deterministic 
LOCC that plays a crucial role in making the structure of the state space. 

Let the pairs (|V')ab, \'4>')ab) and (|0)ab, W)ab) have same entanglement, i.e., E{\iP)ab) = E{\'\Ii')ab) and 
E{\(I))ab) = E[\(1)')ab)- This fact clearly indicates that both the pairs {\'\ll)AB^ W)ab) and (|(/))a_b, W)ab) are 
incomparable to each other (if we consider they have different Schmidt coefficients). We can construct infinitely 
many incomparable pairs of (\'4')ab, \'4'')ab) and {\4>)ab, \4>')ab) with the above property. Specifically, for a = a' 
and f3 = P' Theorem 7 establishes the fact that both |r)yi_B and |r')^B have the same upper bounds but at the same 
time Theorem 9 indicates another feature of the upper bounds. As the pairs {\'iP)ab, \iI'')ab) and (|0)yiBj \4'')ab) are 
incomparable to each other, we have either gq > ao and bo > /3o or oq < ao and bo < /3q. Therefore, for the first case 
we have upper bound of entanglement of (Ir)^^) > upper bound of entanglement of {\T')ab) and for the later case 
upper bound of entanglement of {\T)ab)i£ upper bound of entanglement of (\T')ab)- 

Similar features could also be observed by considering the same entanglement of the pairs {\tP)ab, |'0')^B)and 
{\'P)ab, \4>')ab) and all other combinations of choice of the pairs {\iP)ab; \'>P')ab) and \(f>')AB) with respect to 

the idea of comparability and incomparability under deterministic LOCC for any arbitrary choice of a, 13, a' and (3' . 

Again we could employ the notion of incomparability from a different point of view to construct some new bounds 
of these different measures. Let the pairs {\'iP)aBj |'0')AB)and (|</))ab, \4'')ab) are incomparable to each other. So 
Negativity of the both pairs have the following relations: A^(|'(/')ab) ^ J^{W)ab) and A^(|(/))a_b) ^ A^(|(/)')ab)- Now 
if we consider the following cases, i.e., N{\iI;)ab) > N{\^')ab) and N{\(j>)AB) > N{\(j)')AB) or N{\^)ab) < N{\iI;')ab) 
and N{\<f>)AB) < A^(|</'')ab), then using Theorem 1 we can find some tight upper and lower bounds of A''(|r)^B) and 
N(\T')ab) for any arbitrary choice of a,/?, a' and /?', assuming the other restrictions. In this case, when a — a' and 
/3 = /3' we find the following relations 



i[9(a + /3)2{min(a2,/32)n - 1] < ^[9(a + /3)2{m^n(a2, 62)'} - 1] < {N{\r') AB)orN{\r) ab)} 

<{N{\T)AB)orN{\r')AB)} < i[9(a + /3)2{ma.T(ao,/3o)'}-l] < ^[9ia + f3f {min{ao,bof} - I]. 

(11) 

Similar types of features for the bounds could be observed for Logarithmic Negativity and Reyni's Entropy employing 
the above theorems and the comparability and incomparability relations with arbitrary choice of a, /3, a' and /?'. 

VI. CONCLUSION 

In conclusion we have observed that superposition of states may lead to pairs of incomparable states to a pair 
of comparable states under deterministic LOCC. Therefore, through the superposition of states we have succeeded 
in making a connection between two classes of states, i.e., comparable and incomparable. This technique would be 
useful in many aspects where we have some definite kind of tasks with some states which are incomparable in nature, 
however we could find a new pair that are comparable in nature through superposition. Since, incomparability may 
be used as a detection of un-physical operations [27], therefore, through the superposition we could form new classes 
of incomparable states to act as detector of un-physical operations. Also some one could find tighter bounds on 
entanglement behaviour through the superposition and using different comparable or incomparable pair of states. 
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